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The ﬂow stress of Mg-Gd-Y-Zr, Mg-Al-Zn, and Mg-Zn-Zr magnesium alloys during hot defor-
mation were correlated to the Zener–Hollomon parameter through analyses based on the
proposed physically-based and apparent approaches. It was demonstrated that the theoret-
ical  exponent of 5 and the lattice self-diffusion activation energy of magnesium (135 kJ/mol)
can  be set in the hyperbolic sine law to describe the peak ﬂow stresses. As a result, the inﬂu-
ence of rare earth elements, gadolinium (Gd) and yttrium (Y), upon the hot working behavior
was readily characterized by the proposed approach, which was not possible by the conven-
tional apparent approach. It was shown quantitatively that the rare earth addition exerts a
profound effect on the hot strength and hence on the creep resistance.onstitutive equations ©  2015 Brazilian Metallurgical, Materials and Mining Association. Published by Elsevier
Editora Ltda. All rights reserved..  Introduction
agnesium (Mg) alloys containing rare earth elements are
romising structural materials due to their notable creep
esistance and high speciﬁc strength at both ambient and ele-
ated temperatures. The rare earth additions can remarkably
mprove the heat resistance of the Mg  alloys due to solid solu-
ion strengthening and precipitation hardening effects [1–6].
ot deformation processing is a suitable shaping method for
olycrystalline Mg  alloys due to the activation of additional
lip systems at elevated temperatures and the possibility of
tructural reﬁnement [7–12]. The understanding of the hot
orking behavior and the constitutive relations describing
E-mail: hmirzadeh@ut.ac.ir
ttp://dx.doi.org/10.1016/j.jmrt.2015.03.001
238-7854/© 2015 Brazilian Metallurgical, Materials and Mining Associamaterial ﬂow is one of the prerequisites for the implemen-
tation of shaping technology in the industry [13,14].
Heat resistant cast Mg alloy development includes three
categories [3]: (1) alloying of Mg-Al based alloys with Ca (form-
ing AX alloys), with Zn and Ca (forming AZX alloys), with Sr
(forming AJ alloys), with Ca and Sr (forming AXJ alloys), with
RE (forming AE alloys), with Si and Sb (forming ASS alloys),
with Ca and RE (forming ACM alloys and MRI alloys), with
Zn, Ca and RE (forming ZACE alloys), with Zn, Sn (forming
ASZ alloys); (2) development of a new type of Mg-RE-Zr alloys,
including Mg-Y-Nd-Zr (WE) alloys, Mg-Gd-Nd-Zr (GN), Mg-Dy-
Nd-Zr (DN) and Mg-Gd-Y-Zr (GW) alloys; (3) development of
Mg-RE-Zn (MEZ) alloys. Thanks to their magniﬁcent room- and
high-temperature strength, magnesium alloys containing rare
tion. Published by Elsevier Editora Ltda. All rights reserved.
c h n o
4.  Discussion
Recently, Mirzadeh et al. [37] have proposed an easy to apply
approach that considers theoretical values of n and Q based
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earth elements Gd and Y have been recently developed and
extensively investigated [3].
In the current work, the constitutive behavior of Mg alloyed
with Gd and Y will be compared with those of the high-
strength Mg  alloys, namely AZ91 (Mg-9Al-1Zn) [7,12] and ZK60
(Mg-6Zn-0.6Zr) [15,16], using a proposed method that utilizes
the physically-based material’s parameters, which makes it
possible to conduct comparative studies.
2.  Experimental  details
The ﬂow stress data of Mg-Gd-Y-Zr alloys with 9–10 wt% Gd,
2.7–4.8 wt% Y and 0.4–0.6 wt%  Zr, hot compressed at deforma-
tion temperatures between 350 and 500 ◦C under strain rates
of 0.001 to 10 s−1, were taken from the literature [17–21]. Since
the level of the peak ﬂow stress did not show any consider-
able dependence on the small variation of Gd and Y among
the considered research works, the ﬂow data were combined
together to determine the constitutive behavior of the Mg-Gd-
Y-Zr alloy. The ﬂow stress data for ZK60 (with 0.61 to 0.76 wt%
Zr) and AZ91 were also taken from the literature [7,15,22–29].
The considered ﬂow curves exhibited typical dynamic recrys-
tallization (DRX) behavior [30,31] with a single peak stress (P)
followed by a gradual fall toward a steady state stress.
The well-known Zener–Hollomon parameter Z =
ε˙ exp(Q/RT) can be related to ﬂow stress in different ways.
The power law description of stress (Z = A′n′ ) is preferred
for relatively low stresses. Conversely, the exponential law
(Z = A′′ exp(ˇ)) is suitable for high stresses. However, the
hyperbolic sine law (Z = A[sinh(˛)]n) can be used for a wide
range of temperatures and strain rates. In these equations, A′,
A′′, A (the hyperbolic sine constant), n′, n (the hyperbolic sine
power),  ˇ and  ˛ ≈ ˇ/n′ (the stress multiplier) are constants and
Q is the hot deformation activation energy. In these equations,
no strain for determination of ﬂow stress is speciﬁed. As a
result, characteristic stresses such as steady state stress, peak
stress, or the critical stress for initiation of DRX may be used.
Since the steady-state stress may not be precisely attained
for all of the ﬂow curves and obtaining the critical stress for
initiation of DRX needs work-hardening rate analysis [31], it
is usual to use the peak stress to ﬁnd the values of A, n, ˛, and
Q [32–35]. For each alloy, the selection criterion of the peak
stress data from the literature was based on the consistency
of stress level among the considered research works.
3.  Results
Based on the power and exponential laws, the slopes of
the plots of ln ε˙ against ln P and ln ε˙ against P can be
used for obtaining the values of n′ (n′ = [∂ ln ε˙/∂ ln P]T) and
 ˇ (  ˇ = [∂ ln ε˙/∂P]T), respectively. This is shown in Fig. 1a
and b for the Mg-Gd-Y-Zr alloy and the subsequent lin-
ear regression of the data resulted in the average value
 ˛ ≈ 0.00973 or simply  ˛ ≈ 0.01 MPa−1. The same average value
−1of  ˛ ≈ 0.01 MPa was also obtained for AZ91 [7] and ZK60
[15] alloys by similar type of analysis. Taking natural log-
arithm from the hyperbolic sine equation and subsequent
partial differentiations at constant temperature and also at l . 2 0 1 6;5(1):1–4
constant strain rate together with algebraic operations results
in Q = R[∂ ln ε˙/∂ ln{sinh(˛P)}]T[∂ ln{sinh(˛P)}/∂(1/T)]ε˙. It fol-
lows that the slopes of the plots of ln ε˙ against ln{sinh(˛)} and
ln{sinh(˛)} against 1/T  can be used for obtaining the value of
Q. The representative plots are shown in Fig. 1c and d for the
Mg-Gd-Y-Zr alloy. The linear regression of the data results in
the average value of Q = 199.83 kJ/mol or simply 200 kJ/mol for
the Mg-Gd-Y-Zr alloy. The average values of Q for the AZ91
and ZK60 alloy were determined as 136.27 and 140.30 kJ/mol,
respectively. The values of hot deformation activation energy
of 136.27 and 140.30 kJ/mol are close to that reported for the
lattice self-diffusion activation energy of magnesium, which
is about 135 kJ/mol [7,15]. Conversely, the value of 200 kJ/mol is
effectively higher than 135 kJ/mol. Therefore, while AZ91 (Mg-
9Al-1Zn) and ZK60 (Mg-6Zn-0.6Zr) alloys have relatively high
amount of Al or Zn as alloying elements, the self-diffusion of
Mg occurs rather easily during hot deformation of these alloys.
However, the rare earth addition in Mg-Gd-Y-Zr alloy is very
effective in hindering the self-diffusion that is a major factor
in increasing creep rate [36].
Based on the hyperbolic sine law, the slope and the inter-
cept of the plot of ln Z against ln{sinh(˛P)} can be used for
obtaining the values of n and A. The corresponding plots are
shown in Fig. 2a for all of the considered materials using the
apparent values of Q. The linear regression of the data results
in the following equations:
⎧⎪⎨
⎪⎩
Mg-Gd-Y-Zr ⇔ ε˙ exp(200,  000/RT)  = 4295{sinh(0.01 × P)}4.96
AZ91 ⇔ ε˙ exp(136,  270/RT)  = 98.795{sinh(0.01 × P)}5.15
ZK60 ⇔ ε˙ exp(140,  300/RT)  = 160.555{sinh(0.01 × P)}5.43
(1)
Note that there is no possibility for elucidating the effects of
alloying elements on the hot ﬂow stress due to the differences
in the values of Q and n.Fig. 1 – Plots used to obtain the values of the stress
multiplier  ˛ and the deformation activation energy Q for the
Mg-Gd-Y-Zr alloy.
j m a t e r r e s t e c h n o 
In {sinh(ασP)} In {sinh(ασP)}
In
 Z
In
 Z
a b
12
16
20
24
28
32
16
20
24
28
32
36
40
–2 –1 0 1 –2 –1 0 1 –2 –1 0 1 –2 –1 0 1
AZ91
ZK60
Q =
Q =
Q =
n = 5
ZK60
AZ91
136 kJ/mol 135 kJ/mol
200 kJ/mol
140 kJ/mol
Q =
Mg-Gd-Y-Zr
Mg-Gd-Y-Zr
Fig. 2 – Plots used to obtain the constants of the hyperbolic
sine equations by consideration of (a) apparent values of Q
a
o
s
i
c
a
s
Q
b
t
m
a
4
t
c
u
w
w
o
c
w
t
t
s
o
c
d
M
t
Z
o
t
i
t
rnd n and (b) Q = 135 kJ/mol and n = 5.
n the deformation mechanisms in the constitutive analy-
is. It was shown that when the deformation mechanism
s controlled by the glide and climb of dislocations (climb-
ontrolled), a constant exponent (n) of 5 and self diffusion
ctivation energy can be used to describe the appropriate
tress [1,7,15]. Based on the apparent values of n (near 5) and
 (near 135 kJ/mol) for the AZ91 and ZK60 alloys as indicated
y Eq. (1), it seems that this assumption works perfectly for
hese materials. The apparent activation energy for hot defor-
ation of Mg-Gd-Y-Zr alloy is ∼200 kJ/mol due to the rare earth
ddition. However, the apparent value of n was determined as
.96, which is close to the theoretical value of 5 and implies
hat the hot deformation of this alloy would also be climb-
ontrolled if the lattice self-diffusion activation energy can be
sed in constitutive analysis. Therefore, it was investigated
hether it is possible to consider the values of Q = 135 kJ/mol
ith n = 5 for this material and hence elucidating the effect
f rare earth elements from the value of the hyperbolic sine
onstant (A). Therefore, the values of Q = 135 kJ/mol and n = 5
ere considered in subsequent constitutive analysis for all of
he investigated materials.
Again, based on the hyperbolic sine law, the intercept of
he plot of ln Z (using Q = 135 kJ/mol) against ln{sinh(˛P)} by
etting the slope of n = 5 can be used for obtaining the values
f A. The corresponding plots are shown in Fig. 2b for all of the
onsidered materials. The relatively good ﬁt to experimental
ata justiﬁes the consideration of Q = 135 kJ/mol and n = 5 for
g-Gd-Y-Zr alloy. The linear regression of the data results in
he following equations:
 = ε˙ exp
(
135,  000
RT
)
=
⎧⎪⎨
⎪⎩
45.165{sinh(0.01 × P)}5 ⇔ Mg-Gd-Y-Zr
102.925{sinh(0.01 × P)}5 ⇔ AZ91
129.845{sinh(0.01 × P)}5 ⇔ ZK60
(2)
The proposed approach in the present work considers the-
retical values for n and Q in the constitutive analysis. This in
urn brings about a possibility to study the constitutive behav-
or of materials based on the obtained values of A and ˛. Since
he same value of  ˛ ≈ 0.01 MPa−1 was determined for all ofl . 2 0 1 6;5(1):1–4  3
the considered materials, the difference in hot ﬂow stress can
be deduced from the values of A, which is the intercept of
the plots of ln Z against ln{sinh(˛P)} by setting n = 5 (Fig. 2b).
Based on Eq. (2) and the intercepts of the plots shown in
Fig. 2(b), the value of the hyperbolic sine constant A is signif-
icantly smaller in the case of Mg-Gd-Y-Zr alloy. According to
the hyperbolic sine law, the ﬂow stress of the material can be
expressed as P = (1/˛){sinh−1 (Z/A)1/n}. Therefore, it is clear
that by decreasing the value of A, at a given value of Z, the
ﬂow stress increases. This shows the magniﬁcent effect of rare
earth addition on the hot strength and hence on the creep
resistance. This also implies that the used approach in the
current work can be considered as a versatile tool in future
hot working studies, especially in studies dedicated to alloy
development.
5.  Conclusions
A comparative study was carried out on the Mg-Gd-Y-Zr, AZ91,
and ZK60 magnesium alloys in order to understand the effect
of rare earth addition on the hot ﬂow stress. A versatile
approach was proposed in the current work, which consid-
ers the theoretical values of n = 5 and the lattice self-diffusion
activation energy of magnesium (135 kJ/mol) as the hot defor-
mation activation energy (Q) in the constitutive analysis. This
in turn brings about a possibility to study the constitutive
behavior of materials based on the obtained values of A and ˛
in the hyperbolic sine equation of the form Z = A[sinh(˛P)]n.
It was shown quantitatively that the rare earth addition exerts
a profound effect on the hot strength and hence on the creep
resistance.
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